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Dispersion interactions in stratified anisotropic and optically active media at all separations
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We propose a method to calculate dispersion interactions in a system composed of a one-dimensional

layering of finite-thickness anisotropic and optically active slabs. The result is expressed within the algebra of
4 X 4 matrices and is demonstrated to be equivalent to the known limits of isotropic, nonretarded, and uniaxial
dispersion interactions. The method is also capable of handling dielectric media with smoothly varying aniso-

tropy axes.
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I. INTRODUCTION

Parsegian and Weiss' in their seminal paper of 1972 noted
that dielectrically anisotropic materials generate van der
Waals or dispersion torques that have the same origin as the
more common and ubiquitous long-range forces. Following
this seminal contribution the effect of dielectric anisotropy in
the dispersion interactions between two semi-infinite bire-
fringent media has been studied theoretically in several
contexts>?® and has been given the most thorough analysis by
Barash and co-workers.*> The outcome of these theoretical
advances was that apart from the dispersion interactions that
are present for any dielectric media, two birefringent slabs
will also exhibit dispersion torques acting to align them. The
magnitude of this torque is of course small but should nev-
ertheless be detectable. In spite of these theoretical advances
there are as yet no experimental verifications of the theoret-
ical predictions though there is plenty of activity in this re-
search field.® It goes without saying that the dispersion
torques should play a very important role in the context of
micromechanical and nanomechanical actuators that could,
in principle, transduce not only rectilinear motion but also
rotation or even couple and convert the two.

In the present work we will formulate the theory of dis-
persion interactions in a system composed of a one-
dimensional layering of finite-thickness anisotropic dielectric
slabs. In this way we generalize the already existing theory
of dispersion interactions in a multilayer system of isotropic
dielectric materials.” In this approach the secular determinant
of the modes, which enters the free energy of the dispersion
interactions, can be obtained as one of the elements of the
transfer matrix of the electromagnetic (EM) field modes
propagating through the system. The complete transfer ma-
trix of the stratified system can be decomposed into a prod-
uct of two separate matrices, a diagonal propagator matrix
and a symmetric discontinuity matrix. This method of matrix
decomposition is extremely elegant and time saving for com-
plicated one-dimensional stratifications and has been since
used profitably in a variety of contexts.?’

The matrix approach introduced in the cited work has
been formulated only for the case of dispersion interactions
between dielectrically isotropic media. For a complete solu-
tion of the anisotropic case one would need to extend it to
solutions of a complete set of Maxwell equations with ten-
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sorial response functions. Indeed, we will show below that it
can be extended and generalized to solve the dispersion in-
teractions problem across stratified nonisotropic media.
While the isotropic case can be formulated with the help of
an algebra of 2 X 2 matrices, the general anisotropic case can
be fully implemented only within an algebra of 4 X 4 matri-
ces and is thus notoriously more difficult to handle but still
simpler than alternative approaches.* Nevertheless we are
able to extract some informative limiting cases that show the
power and book-keeping elegance of this approach.

II. FORMALISM

The propagation of electromagnetic waves in layered an-
isotropic media was described within an algebra of 4 X4
matrices already by Berreman'® who introduced a convenient
and efficient formalism that allows for a transparent formu-
lation of a notoriously extremely complicated problem.* In
what follows we basically follow this approach. If z is the
direction perpendicular to the translational plane of symme-
try of the problem so that the dielectric slabs of anisotropic
material are layered in this direction, the propagation of a
single frequency electromagnetic field in such a system can
be Fourier decomposed in the x-y plane perpendicular to the
z direction with wave-number vector Q and described using
the four-dimensional vector of the field components

E(z:0)
Hy(z;0)
E\(z;0)

| - H.(z:0) |

The Fourier field components evolve as a function of the
coordinate z via a homogeneous system of linear differential
equations that stem directly from the properly formulated
Maxwell equations

Wz;0) = (1)

1% iw
—¥=—"D¢, 2)
0z c
where D:D[g(w,z),,L_L(w,z),g(w,z),g'(w,Z),Q,w] is a4
X4 complex matrix that depends on the frequency and z

coordinate-dependent 3 X 3 tensors of the electric and mag-
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netic permeabilities € and Mo the 3 X3 tensors of optical
activity p, p', as well as the two-dimensional vector Q in the

x-y plane that gives the wave number in the plane of sym-
metry and the chosen angular frequency w.

The details on how to construct D are given in Ref. 10
with the main results repeated for consistency here. A 6 X 6

matrix M is constructed from the material response tensors

as
M= { € r } . (3)
P
An auxiliary matrix a is then calculated as

as 1 =[Me M35~ M3 Mgel/d, (4)
a3, =[(Mg,—cQlw)Ms3¢—M;,Mgcl/d, (5)
a3 4 =[Mg M5 6— M5 4, Meglid, (6)
azs=[MgsM;6— (M3 5+ cQlw)Mgglid, (7)
ag ) =[Mg¢3M5, — M5 3Mg,1/d, (8)
agr=[Mg3M3,—M;33(Mg,—cQlw)]/d, 9)
agq=[Me¢3M3 4 — M5 3Mg 4]/d, (10)
ags=[Mg3(M3 5+ cQlw) - Ms3Mg 5)/d (11)

with

d=M;3M¢c— M3 Mg 5. (12)

Without any loss of generality the wave number Q0 is as-
sumed to lie in the x direction and we have to rotate the
coordinate frame accordingly. The elements of a 4 X 4 matrix
S are then defined as

Sia=M 1+ M 3a3,+ M, 6a6,, (13)
Sio=M o+ M 3a3,+ M, a6, (14)
Si3=My 4+ M 3034+ M, a4, (15)
S1a=Ms+M3a;5+M, cags, (16)
Sy1=My+Mysaz,+ (M- cQlw)ag (17)

S20=Myy+Myzaz,+ (Mye—cQlw)ag,, (18)
S23=Ma 4+ Myzaz 4+ (Mye— cQlw)ag, (19)
Sr4=My 5+ Myzazs+ (M- cQlw)ag s, (20)

Sy =My +Myzas,+M,eac,, (21)

S30=Myp+ Myzas,+ M, ea,, (22)
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S33=Mys+Myza34+M,ea6,, (23)
S34=Mys+Mysass+M,eaes, (24)

Sp1=Ms +(Ms;+cQlw)ay + Msgaq (25)
S4p=Ms,+(Msz+cQlw)az,+ Ms g, (26)
Sy3=Ms 4+ (Mss+cQlw)as 4+ Ms gag 4, (27)

S4a=Mss+(Ms3+cOlw)as s+ Ms a5 (28)
so that the sought for matrix D is then given as
D=HJSH' (29)

with a matrix corresponding to a permutation of components

1 000
0001
H= (30)
0100
0010
and a transformation of the form
0 0 0 1
0 0 -10
=10 -1 0 0 5D
1 0 0 O

If the matrix D is constant within an interval [z,z+h],
then the propagation of EM field modes within that interval
can be written in terms of a matrix exponent

Wz+h)=Ph)i(z), P(h)= exp{%th] . (32)

Here the matrix P is a constant within that interval but does
depend on the length of the interval, 4. A matrix exponent of
the form above can be calculated by performing a diagonal-
ization of D

P(h)=RK(hR™', K= exp(i—wdjh) , (33)

where K is a diagonal matrix, d ; are the eigenvalues of the
matrix D, and the rotation matrices R and R! correspond to
the left and right eigenvectors of D. The matrix R™! performs
a mapping from the vector ¢ of the electromagnetic field
components into the vector of two left and two right propa-
gating plane-wave components that we denote by 7.

Propagation of EM waves across a stratified set of N—1
layers of finite width that are bounded by semi-infinite half
spaces from both directions can be described by taking a
product

i; = PN(hN)PN—l(hN—l) Tt Pl(hl)PO(hO) (34)

or
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P = RyK (7, Ry'Ry_ Ky_ (7, )Ry, - RoKo(hg)Ry',
(35)

where the indices 0 and N correspond to the left and right
half spaces. This is indeed very similar to the case treated in
Ref. 11 but in that case the dielectric media are assumed to
be isotropic.

A propagator of form (35) maps the fields from a point,
that is, at some arbitrary depth A in the left half space to a
point, that is, at another arbitrary depth /Ay in the right half
space. The propagators P, and P, however, do nothing more
than rotate the phases of the incoming and outgoing plane
waves.

Furthermore, the propagator P maps the components of
the electric and magnetic fields, whereas it is the mapping of
plane-wave amplitudes that is of interest for dispersion inter-
actions. A mapping of plane-wave amplitudes from one side
of the stratified system of slabs to the other is obtained by the

truncation of P on both the left and the right sides of the
expression to obtain

P=Ry'Ry_ Ky (v )Ry, - RK;(h)R]'Ry. (36)

In order to propagate the vector of plane-wave amplitudes
from the external boundary of the leftmost layer to the
boundary of the rightmost, one then constructs

7™ =Py (37)

This propagator does not depend on the arbitrary thicknesses
ho and hy anymore. The only information that the bounding
half spaces contribute to the propagator is their respective
transformations from the electromagnetic fields into plane
waves as given by the matrices R, and R;,l.

With these expressions it is now possible to tackle the
problem of dispersion interactions in such media in analogy
with.!! The dispersion interaction free energy F per area A is
given as

FIA=kT>, f

d*Q .
> 2 CE). (38)

(

The prime in the summation over the Matsubara thermal
frequencies denotes that the n=0 term is to be taken with the
weight of 1/2. Here C(w) is an expression, usually referred to
as the secular determinant of the modes, whose zeros give
the eigenfrequencies of bound states. It is evaluated as a
function of the imaginary Matsubara frequencies §&,
=2mmnkT/h. In order to evaluate the above interaction free
energy we first need to calculate C(w) in terms of the propa-
gator Eq. (37).

We define a state as bound if it is exponentially decreas-
ing to both —o and +o0. Let the four components of the
plane-wave amplitude vector 7 for each layer be sorted with
respect to their real parts such that the exponentially increas-
ing solutions have indices 1 and 2 and the decreasing ones
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have indices 3 and 4. In order for the state to be bound, the
exponentially decreasing components of 7, and the exponen-
tially increasing components of 7, in the corresponding half
space must be equal to 0. This gives for the wave propaga-
tion Eq. (37) corresponding to bound states the form

7" =0 U
77(2N) =0 | Pr Py 77(20)
™ |=|p. p o _ (39)
73 m Pl 73°=0
A =0

that can be clearly reduced to a 2 X2 homogeneous system
of equations

o
P, ) =0. (40)
Uy

This system of equations allows us to identify the bound-
state condition of the modes that gives their eigenfrequencies
as

C=det P,=0. (41)

When evaluating C at imaginary frequencies in Eq. (38), the
determinant det P; will in general have a complex value. We
may take its absolute value as the appropriate contribution to
the free energy since the values of C for the opposite wave
numbers é and —é are complex conjugate and therefore the
imaginary values of their logarithms cancel.

As the free-energy expression is indeterminate up to an
additive constant, this means that the bound-state condition
is undetermined up to a constant scaling factor. It is natural
to choose such a scaling that further splitting of the half
spaces into sublayers with equal properties does not alter the
results. This will also ensure that the dispersion interactions
only depend on the spatial variations in the electromagnetic
response tensors and not on their homogeneous values. This
is achieved by shifting the eigenvalues of the D matrix by

d=d-d, d=(d, +dy)2 (42)

and use these when evaluating the propagators K;.

There is still an additional freedom of scaling factors due
to the eigenvector normalizations. Since the matrix D is in
general not Hermitian, its left and right eigenvectors are not
complex conjugate and there is no unique way to normalize
them individually. Care must therefore be taken when com-
paring systems whose terminating half spaces are being ro-
tated with respect to each other. A common reference point
(such as the case of large separation) must be calculated in
order to be able to determine the free-energy shift due to
eigenvector rotations.

One particular reference point for any system can be a
corresponding system in which all the layers between the
two limiting half spaces are substituted by vacuum and the
limit of the distance between the two half spaces (the
vacuum distance) is taken to infinity. This configuration
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presents no interaction between the two half spaces and
therefore the calculated free-energy contribution of this con-
figuration can be considered as the sought for shift. For this
system, the matrix P, is given by

P.=R;'P.R,, (43)

where P, corresponds to the vacuum propagator for the elec-
tromagnetic waves in the limit of long distances. Calculating
it using expression (33) and the shift [Eq. (42)] gives

1 ~
2 2
L ! 0 0
26 2 B 0*c?
P.= , p=1\/1+ 7 -
1 1 &
0 0 - -
2 2p
p 1
2 2
(44)

The free-energy contribution for this system is then calcu-
lated via Egs. (38) and (41). In this way one can determine
the free-energy shift due to eigenvector rotations and prop-
erly normalize the dispersion interaction free energy. This
concludes our derivation of the general formalism. In what
follows we will consider a few interesting limiting cases.

III. ISOTROPIC CASE

When the response tensors are isotropic, the general ap-
proach introduced above should reduce to the formalism de-
fined in Ref. 11. Let us assume e=€l, u=pul, and p=p'=0.
The matrix D for this case reduces to the simple form

2.2
0 u+ZS 0 o
&e
e 0 0 0
D= : (45)
0 0 M
2.2
0 0 e+Z2% 0

where é=—iw is the imaginary frequency. The eigenvalues of
such a matrix are doubly degenerate and come in pairs of
d;= = v, where

C2Q2

e o

v=\/€eu+

such that D=R diag{d;}R™! can be written in the form
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-vv 0 O|l=-»0 0 O
D e € 0 O 0O v 0 O
o 0 -p ullo0o 0-vo

0O 0 v v 0O 0 0 v

1 1

-— — 0 0

2v 2e
1 1

— — 0 0

X2V 2€ 47)
1 1|
0 0O -— —
2u 2v
1 1
o o0 — —
2u 2v

The matrices in the above expression are block diagonal, so
the four-dimensional problem decomposes into a pair of two-
dimensional ones that correspond to the TE and TM modes
of the electromagnetic propagation. Let us elaborate this fur-
ther.

After shifting the eigenvalues in order to remove the ex-
ponential divergence, the propagator P is given as

1 0 0 0

0 exp(-2 0 0
P=R p(=2p) R, (48)
0 0 1 0

0 0 0 exp(-2p)

where p=2_v in order to conform with the notation in Ref. 11.
The transition of eigenmodes between two subsequent layers
is given by the block matrix

118, O
1 1
RHIR,:E{O 52] (49)
with
& P & P
S, = €i+1  Pi+1 €ir1  Pivl (50)
€ Pi € Pi
S I o S S«
€i+1  Pi+1 €+l Pivl
and
Bio i _ M P
S, = Miv1  Pixl Mir1  Pitl . (51)

Mi Pi Mi Pi
Miv1  Pix1 Mix1 Pivl

If we further split the above matrix into separate TE and TM
diagonal blocks, and apply two arbitrary scaling factors due
to the eigenvector normalizations by dividing the diagonal
matrices with their diagonal terms, we obtain

G—{l _A’} 52
=lla (52)

with
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€i+1Pi — €iPi+1

Ai = (53)
€ir1Pi t €iPix1
for the TM and
A= Piv1Mi — PiMit1 (54)
Pir1Mi + Pilis1
for the TE block. By also denoting
T, ! 0 (55)
L0 exp(-2p) )’

we can obtain the free-energy contributions as the {1,1} ma-
trix element of a matrix product,

Crem=[GnTy -~ G T\Golys (56)

which agrees exactly with the result derived in Ref. 11.

In the full 4 X4 formulation there does not exist a single
common scaling factor for the matrix R which would exactly
map it to the 2 X 2 formalism of Ref. 11. Scaling factors are,
however, only related to the shift in the free energy, which is
itself undetermined up to a constant.

IV. SINGLE SLAB ANISOTROPIC CASE

The nonretared case of two semi-infinite anisotropic di-
electric media separated by a slab of a third anisotropic me-
dium, where for all the media one of the anisotropy axes
coincides with the z axis, was derived in Ref. 1. This result
can be summarized as follows.

Let the dielectric tensors for the first half space, the slab,
and the second half space be given by ¢, €,, and &, respec-
tively. Each tensor can be written in the form

Ei,l 0 0
=0 €, 0 | (57)
0 0 6i,3

Each of the materials is rotated around the z axis such that
&=0,60;", (58)
where
cos(6) —sin(6;) 0O

0;=|sin(6) cos(6;) 0. (59)
0 0 1

From a given dielectric tensor the quantity

Gle, ) =1 + —22—2lgin2(a) (60)
€3 €3

may be calculated. From this
B(€ 0, 9) = OG(€:, 6, — @) (61)

is defined, where ¢ is the direction of the plane parallel wave
vector for which the free-energy contribution is being evalu-
ated. Further
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_ €13B(€1,61,9)

= (62)
€ 38(€. 05, ¢)
and
_ 63B(&,05.¢) 63)
62,3B(§2’ 027 (P)
are introduced, from which
-1)(b-1
, (a=1)(b-1) o

Ta+D)b+1)

is calculated. The free-energy contribution for a fixed size of
the plane parallel wave vector Q and its angle ¢ is given by

Cp(€),€6.€3.0,,6,,05,0,0,L)

=1- A% exp[-20G(er, 6, - ¢)L] (65)
and the total free energy then follows as
S L
FIA=—>' d@ngnC}QdQ. (66)
am 5 Jo 0

While we were not able to demonstrate analytical equiva-
lence of our approach with the above result—the formulas
are just too complicated to suggest any meaningful
simplification—numerical computations nevertheless agree
perfectly, up to a constant shift. As already explained, the
constant free-energy shift in our formulation is a result of
arbitrary eigenvector normalization and the results must be
compared to some chosen point, which in this case is the
infinite separation of the two materials. Note that this con-
stant energy shift makes no contribution to the interaction
forces, given by the derivative of the free energy.

For comparison purposes, we choose the free-energy con-
tributions from our method, C, in the limit of infinite ¢ and
the corresponding nonretarded expression, Cp, calculated for
the dielectric-response tensors at some given imaginary fre-
quency. These are arbitrarily chosen to be € =5, € ,=10,
6173:15, 62’1:1, 62’2:3, 6273:2, 6371:18, 63’2:12, and €33
=6. The second medium is rotated by the angle 6,=2 with
respect to the first one and the third one by #;=1 with re-
spect to the first one. The angle for the wave vector was
chosen as ¢=3. The free-energy contributions for both cal-
culations as a function of distance are given in Fig. 1. For
our method, the large distance free-energy result was sub-
tracted from all the results in order to eliminate the shift in
the free-energy contribution. The match is exact for this set
of parameters as well as for any other one might choose. This
strongly supports the general conclusion that the nonretarded
form of our calculation coincides exactly with the calculation
derived in Ref. 1.

A calculation for the fully retarded dispersion interaction
of the same configuration is given in Ref. 4, with the limita-
tion that the materials are uniaxial and that the axis of aniso-
tropy lies in the symmetry plane of the problem, with the
medium between the two slabs being isotropic. The result is
convoluted and lengthy, and will thus not be repeated here
(for details see Refs. 4, 5, and 12). Using the same notation
as before, the arbitrarily chosen values are € =5, € ,=10,
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InC,1n Cp

00 05 10 15 20 25 30
QL

FIG. 1. Anisotropic free-energy contributions as a function of
separation L for the nonretarded case (line) compared to our ap-
proach (dots). Both free-energy expressions coincide numerically to
any desired accuracy. See text for details.

61’3:10, 62,122, 62,2:2, 62’3:2, 63’126, 63,2:3, and 6373:3.
The third medium is rotated by the angle 6;=1 with respect
to the first one. The angle for the wave vector is chosen as
¢=2. The value of the imaginary frequency is {=1Qc. The
comparison of the free-energy contribution of the retarded
calculation (denoted as In Cg) and our results are given in
Fig. 2. The results again match exactly for this set of param-
eters as well as for any other one might choose.

This concludes our numerical proof that all the limits with
which one can meaningfully compare our result are reached
exactly within the numerical computation. Again, we have
not been able to establish these correspondences analytically.
The exact expressions are unfortunately extremely convo-
luted and complicated, thus precluding any meaningful and
straightforward simplification.

V. SMOOTH ANISOTROPIC PROFILES

There is one obviously restrictive condition that is built
into the Lifshitz theory of dispersion interactions, which un-
derlies also the approach presented in this work: this is the
assumed steplike change in the dielectric permeability at the
interfaces of bodies that interact across spatially homoge-
neous media. Several extensions of the theory have relaxed
the condition of steplike interfaces as well as formulated the
dispersion interactions in nonuniform dielectric media®
where the response tensors are assumed to vary smoothly
and continuously in the z direction. Since this extension of
the dispersion interactions theory was built on the reformu-
lation of the Lifshitz theory based on the algebra of 2X2

00 05 10 15 20 25 30
QL

FIG. 2. Anisotropic free-energy contributions as a function of
separation L for the retarded case (line) compared to our approach
(dots). See text for details.
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matrices, we assume that the case of continuously varying
anisotropic response tensors could be obtained by a proper
generalization of the method derived in this work.

Indeed it turns out that our method can be applied to the
case of smoothly varying response tensors as functions of the
z variable. As a model, we take an anisotropic dielectric ma-
terial with the zero-frequency tensor components €;;=35,
€,=10, and €;3=20 in its diagonal reference frame. In the
coordinate frame where the z direction is perpendicular to the
translational plane of symmetry, the material is taken to be
rotated first by an angle of 1 around the x axis and then by an
angle of 2 around the y axis. The corresponding rotated
dielectric-response tensor is denoted by €. Then, the tensor
€,(0) is obtained by further rotating the material by an addi-
tional angle ¢ around the z axis. The model for the dielectric
response is conveniently taken as

2<0; €
ez2)=40=z=zy cosz(ﬂ)g + sinz(ﬂ>§,(5)
2Z0 2Z0
<z €(9)

(67)

This profile can, for example, be considered as a model for a
grain boundary between two grains of an anisotropic
material.!3

We model the continuous dielectric material as a compo-
sition of N;=100 thinly stratified discrete layers of thickness
Zo0/N;, where each layer is assigned a constant value of the
dielectric response given by Eq. (67) with z taken at the
middle of the layer. We then apply our general theory to
write down the dispersion interaction free energy between
the two outermost semi-infinite dielectric regions with thinly
stratified region in between. The discretization can be done
with any value of N; and in the limit approaches the con-
tinuum result as was proven exactly for the nonretarded iso-
tropic case.'*

In order to compute the free energy [Eq. (38)] an assump-
tion needs to be made on both the frequency & as well as
wave vector O dependence of the dielectric response. For
clarity of the model, we assume that the response is constant
in both ¢ and Q until their limiting values of &, and Q,, at
which point the dielectric response becomes 1 throughout the
material. In the calculations, we choose Qy=1/z, and &,
=c/ 20-

As has already been mentioned, the free-energy calcula-
tions require a proper reference point due to the arbitrariness
of the eigenvector normalizations. Two reference points were
taken for calculations at each rotation angle 6. The first one
was the large empty space separation of the outermost layers
as summed up by Eq. (43) and the other was by taking a very
slowly varying profile of the same shape as given in Eq. (67)
but with z=30 instead of 1, with the relatively low number
chosen for numerical stability reasons. The free-energy den-
sity as a function of the rotation angle & is shown for both
normalization approaches, Fig. 3. The small residual differ-
ence between the two methods of eigenvector normalization
can be attributed to the noninfectious separations in the
slowly varying case.
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10% F 23 /(A #ic)

§

FIG. 3. Anisotropic free-energy density as a function of the
rotation angle J. Solid line denotes the infinite separation free-
energy normalization and the dashed line represents the slowly
varying dielectric-response normalization. See text for details.

Our general method for evaluation of dispersion interac-
tions in complicated one-dimensional geometries involving
nonstrategic dielectric materials obviously predicts the exis-
tence of torques, i.e., derivatives of the free energy with re-
spect to &, between the two outermost homogeneous semi-
infinite materials. It would thus certainly add to the overall
energy balance equation of the formation of a grain boundary
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between two grains of anisotropic crystals, a research direc-
tion we will not pursue in this paper.

VI. CONCLUSIONS

We devised a method that allows us to numerically calcu-
late dispersion interactions in a system composed of an arbi-
trary number of anisotropic and optically active finite dielec-
tric slabs. The result is expressed in the formalism of 4 X4
matrices which, for the most general case, requires a numeri-
cal approach. We showed that the results analytically reduce
to known formulations in the general isotropic case and that,
for a single slab, it gives the same numerical result in the
nonretarded and uniaxial limits. One of the main strengths of
the method is that it is also capable of handling smoothly
varying media, where the medium is represented as a dis-
cretized set of small thickness slabs.
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